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one finite value with one or two of their derivatives. Q 1998 Academic Press
1. INTRODUCTION AND RESULTS
In this paper a meromorphic function will mean meromorphic in the
whole complex plane. We say that two meromorphic functions f and g
 .share a finite value a IM ignoring multiplicities when f y a and g y a
have the same zeros. If f y a and g y a have the same zeros with the
same multiplicities, then we say that f and g share the value a CM
 .counting multiplicities . It is assumed that the reader is familiar with the
standard symbols and fundamental results of Nevanlinna theory, as found
w xin 5 .
Rubel and C. C. Yang proved the following result.
w xTHEOREM A 9 . Let f be a nonconstant entire function. If f and f 9 share
two finite, distinct ¨alues CM, then f ' f 9.
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Mues and Steinmetz improved Theorem A with the next result.
w xTHEOREM B 8 . Let f be a nonconstant entire function. If f and f 9 share
two finite, distinct ¨alues IM, then f ' f 9.
Another proof of Theorem B for the case when the two shared values
w xare both nonzero is in 2 .
A natural question is:
QUESTION 1. What can be said when a nonconstant entire function f
shares one finite ¨alue CM with its first deri¨ ati¨ e f 9?
We need the following definition.
DEFINITION. Let f be a nonconstant meromorphic function. The first
 .iterated order of f , denoted by r f , is defined by1
log log T r , f .
r f s lim sup . .1 log rrª`
Bruck made the following conjecture.È
w x  .Conjecture 1 . Let f be a nonconstant entire function satisfying r f1
 .- `, where r f is not a positive integer. If f and f 9 share one finite1
value a CM, then
f 9 y a
' c
f y a
for some constant c / 0.
Bruck showed that the conjecture is true when a s 0, by proving theÈ
next result.
w x  .THEOREM C 1 . Let f be a nonconstant entire function satisfying r f -1
 .`, where r f is not a positi¨ e integer. If f and f 9 share the ¨alue 0 CM, then1
f 9 ' cf for some constant c / 0.
Bruck also proved the next result, which shows that the conjecture isÈ
true for a / 0 provided that f satisfies the additional assumption
 .  .N r, 0, f 9 s S r, f , and in this case the order restriction on f can be
omitted.
w xTHEOREM D 1 . Let f be a nonconstant entire function. If f and f 9 share
 .  .the ¨alue 1 CM, and if N r, 0, f 9 s S r, f , then
f 9 y 1
' c
f y 1
for some constant c / 0.
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w xOn the other hand, Bruck 1 showed that the conjecture does not holdÈ
 .when r f is a positive integer n or `, by considering solutions of the1
following differential equations:
f 9 y 1 f 9 y 1n zz es e and s e .
f y 1 f y 1
We prove the following result, which shows that Bruck's conjectureÈ
holds for entire functions of finite order.
THEOREM 1. Let f be a nonconstant entire function of finite order. If f
and f 9 share one finite ¨alue a CM, then
f 9 y a
' c 1 .
f y a
for some constant c / 0.
We cannot delete the words ``finite order'' from Theorem 1, by the
examples of Bruck above. We also cannot replace the word ``entire'' withÈ
the word ``meromorphic'' in Theorem 1. For example, if
2 e z q z q 1
f z s , . ze q 1
 .then f and f 9 share the value 1 CM, but 1 does not hold. We mention
 . z w xthat this example occurs when h z s e q z in Theorem 1 of 2 .
Jank, Mues, and Volkmann proved the next two results.
w xTHEOREM E 6 . Let f be a nonconstant meromorphic function, and let
a / 0 be a finite constant. If f , f 9, and f 0 share the ¨alue a CM, then f ' f 9.
w xTHEOREM F 6 . Let f be a nonconstant entire function, and let a / 0 be
 .a finite constant. If f and f 9 share the ¨alue a IM, and if f 0 z s a whene¨er
 .f z s a, then f ' f 9.
We also mention the following result of Zhong.
w xTHEOREM G 12 . Let f be a nonconstant entire function, let a / 0 be a
finite constant, and let n be a positi¨ e integer. If f and f 9 share the ¨alue a
n. . nq1. .  . n.CM, and if f z s f z s a whene¨er f z s a, then f ' f .
Theorem E suggests the following question of Yi and Yang.
w xQUESTION 2 11, p. 458 . Let f be a nonconstant meromorphic function,
let a / 0 be a finite constant, and let n and m be positi¨ e integers satisfying
n - m. If f , f n., and f m. share the ¨alue a CM, where n and m are not both
e¨en or both odd, must f ' f n.?
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w xThe following example 10 shows that the answer to Question 2 is, in
general, negative. Let n and m be positive integers satisfying m ) n q 1,
and let b / 0 be a constant which satisfies bn s bm / 1. Set a s bn and
 . b z n. m.f z s e q a y 1. Then f , f , and f share the value a CM, and
f k f n..
On the other hand, we will use Theorem 1 to prove the next result,
which gives a positive answer to Question 2 in the case when f is entire of
finite order and m s n q 1.
THEOREM 2. Let f be a nonconstant entire function of finite order, let
a / 0 be a finite constant, and let n be a positi¨ e integer. If the ¨alue a is
shared by f , f n., and f nq1. IM, and shared by f n. and f nq1. CM, then
f ' f 9.
For entire functions of finite order, Theorem 2 generalizes Theorem E.
If in Theorem 2, ``a / 0'' is replaced by ``a s 0,'' then it is easy to show
that f 9 ' cf for some constant c / 0.
2. LEMMAS
w xLEMMA A 3 . Let F be a nonconstant meromorphic function of finite
w .order r, and let « ) 0 be a gi¨ en constant. Then there exists a set E ; 0, 2p
w .that has linear measure zero, such that if c g 0, 2p y E, then there is a0
 .constant R s R c ) 0 such that for all z satisfying arg z s c and0 0 0 0
< <z G R , we ha¨e0
F9 z .
ry1q«< <F z .
F z .
w x <  . <LEMMA B 4 . Let F be an entire function, and suppose that F9 z is
unbounded on some ray arg z s f. Then there exists an infinite sequence of
if  .points z s r e where r ª q`, such that F9 z ª ` andn n n n
F z .n
< <F 1 q o 1 z . . nF9 z .n
as z ª `.n
 .LEMMA 1. Let Q z be a nonconstant polynomial. Then e¨ery solution F
of the differential equation
F9 y eQ z .F s 1 2 .
is an entire function of infinite order.
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 .Proof. It is well known that every solution of Eq. 2 is entire. We prove
Lemma 1 by contradiction. Assume that Lemma 1 is not true, i.e., suppose
 .that F is a solution of Eq. 2 that has finite order r.
 .From 2 ,
F9 1
Q z .y e s . 3 .
F F
Let « ) 0 be any given constant. Then from Lemma A, there exists a set
w . w .E ; 0, 2p that has linear measure zero, such that if c g 0, 2p y E,0
 .then there is a constant R s R c ) 0 such that for all z satisfying0 0 0
< <arg z s c and z G R , we have0 0
F9 z .
ry1q«< <F z . 4 .
F z .
w .Now suppose that u is any real number that satisfies u g 0, 2p y E, and
for every a ) 0,
< Q re
iu . <e
ª q` 5 .ar
 .  .  .as r ª q`. Then from 5 , 4 , and 3 , it follows that
F reiu ª 0 6 .  .
as r ª q`.
w .Now suppose that f is any real number that satisfies f g 0, 2p , and
for every b ) 0.
r b eQ re
if . ª 0 7 .
<  . <as r ª q`. We now show that F9 z is bounded on the ray arg z s f.
<  . <Assume the contrary, i.e., suppose that F9 z is not bounded on the ray
arg z s f. Then from Lemma B, there exists an infinite sequence of points
if  .z s r e where r ª q`, such that F9 z ª ` andn n n n
F z .n
< <F 1 q o 1 z 8 .  . . nF9 z .n
 .  .  .  .as z ª `. Since F9 z ª `, it follows from 7 and 2 that F z ª `.n n n
 .  .  .  .Then from 8 , 7 , and 3 , we obtain that F9 z ª 1, which contradictsn
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 . <  . <F9 z ª `. This contradiction proves that F9 z must be bounded onn
the ray arg z s f. By considering the formula
z
F z s F 0 q F9 w dw , .  .  .H
0
we obtain that
< < < < < <F z F F 0 q M z 9 .  .  .
 .for all z satisfying arg z s f, where M s M f ) 0 is some constant.
 . w .  .We have shown that 9 holds for any f g 0, 2p with property 7 , and
 . w .  .  .that 6 holds for any u g 0, 2p y E with property 5 . Since Q z is a
nonconstant polynomial, there exist only finitely many real numbers in
w .  .  .0, 2p that do not satisfy either 7 or 5 . We also note that the set E has
linear measure zero. Therefore, since F has finite order, it can be deduced
 .  . w xfrom 9 , 6 , the Phragmen]Lindelof theorem 7, pp. 270]271 , andÂ È
Liouville's theorem, that F must be a polynomial with deg F F 1. But this
 .  .is impossible because Q z is nonconstant in 2 . This contradiction proves
Lemma 1.
3. PROOF OF THEOREM 1
First suppose that a / 0. Since f has finite order, and since f and f 9
share the value a CM, it follows from the Hadamard factorization theorem
that
f 9 y a
Q z .s e , 10 .
f y a
 .  .  .where Q z is a polynomial. Set F s fra y 1. Then from 10 ,
F9 y eQ z .F s 1. 11 .
 .  .If Q z is nonconstant, then from 11 and Lemma 1 we obtain that F has
 .infinite order. Since f has finite order, this is impossible. Hence Q z is a
 .  .constant. Then from 10 we obtain 1 .
 .Now suppose that a s 0. In this case we obtain 1 from Theorem C, but
we will give a proof for the convenience of the reader. In this case, f and
f 9 share the value 0 CM, and so both f and f 9 have no zeros. Since f has
finite order, it follows that f s e p, where p is a nonconstant polynomial.
Since f 9 s p9e p has no zeros, p9 ' c for some constant c / 0. Thus
 .f 9 ' cf , which is 1 when a s 0.
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4. PROOF OF THEOREM 2
Since f n. and f nq1. share the value a CM, we obtain from Theorem 1
that
f nq1. y a s c f n. y a , 12 . .
where c / 0 is some constant. We note that f cannot be a polynomial,
n.  .from the given conditions. Set g s f . Then from 12 , g is a solution of
 .the differential equation g 9 y cg s a 1 y c , and so
g z s b q dec z 13 .  .
 .for some constants b and d / 0. From integration of 13 , we obtain
d
c zf z s P z q e , 14 .  .  .nc
 .  .where P z is some polynomial with deg P F n. Then from 14 ,
g 9 y a s f nq1. y a s cdec z y a,
and since a / 0, we obtain that g 9 y a has infinitely many zeros. There-
fore, since f , f n., and f nq1. share the value a IM, this implies that the
 . n .function g y a y c f y a must also have infinitely many zeros. But
 .  .from 14 and 13 we have
g y a y cn f y a s acn q b y a y cnP z , .  .  .
n n  .  .which implies that ac q b y a y c P z ' 0. Thus P z is a constant.
 .Then from 14 ,
d
c zf z s a q e , 15 .  .nc
where a is a constant. Hence
f n. z s dec z and f nq1. z s dcec z . 16 .  .  .
n. nq1.  .  .Since f , f , and f share the value a IM, it follows from 16 and 15
 .  . zthat c s 1 and a s 0. Thus from 15 , f z s de and f ' f 9. This proves
Theorem 2.
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